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. INTRODUCTION

This report describes the tools and techniques of existing trajectory design
niethods of the Jet Propulsion Laboratory. The trajectory calculation techniques
presented are those believed to be of particular interest to the Committee on

Missile and Spacecraflt Aerodynamics.

[1. TRAJECTORY PROGRAMS

A.  Powered Flight Trajectory Computing Programs

1.  General purpose program. An existing general-purpose computing

program satisfies the major portion of the Laboratory's requirements for powered-
flight trajectory generation, In this program, the missile is considered as a point
mass with 3 degrees of freedom and has the capability of handling a maximum of
51X stages of powered flight with any amount of interstage coasting.

The equations of motion include gravitational, aerodynamic, and thrust
forces: The gravitational forces are functions of latitude and earth-centered
radial distance because the Karth is considered as an oblate spheroid; acrodynamic

?

forces are computed separately as drag force and normal foree. The aerodynamic-
force coefficients may be stored either as tables or as cubic polynomials of the
Mach number. When the polynomial form is used, provision is made to describe
each aerodynamic coefficient by four polynomials for four different ranges of
Mach number, The atmosphere is assumed to rotate as a rigid body. 'The

ARDC Standard Atmosphere of 1957 is used for altitudes below 300, 000 ft. Above

this altitude, the pressure ratio is described by a logarithmic equation and the
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acoustic velocity is assumed to be constant,  The magnitude of the thrust force

is computed from the vacuum thrust reduced by the atmospheric back-pressure

at altitude. A constant value of propellant consumption rate is generally assumed
for each stage.

Several options are available for thrust-direction control in both the
pitch and yaw planes. A zero-lift pitch program is available in wiich the thrust

?
vector is maintained colinear with the velocity vector, Options are available to
fly with either angle of attack or inertial attitude described by seventh-order poly-
nomials in time. All of these options are available for control of both pitch and
yaw.

The equations of motion are integrated in an inertial Cartesian coordin-
ate system by a fourth-order Runge-Kutta routine. Suitable transformations are
available to provide Earth-fixed velocity and position. The primary coordinate
system is chosen so as to be compatible with guidance-studies requirements. The
origin is located at the launch pad, and the axes point vertically, downrange and
crossrange. Transformations are made to both inertial and Earth-fixed earth-
centered coordinate systems. The geocentric Ez;rth-fixed coordinate system is a
(~onveni‘cnt branch point for computing tracking-station referenced coordinates.
The last-stage burnout position and velocity in the geocentric inertial coordinate
system are used as inputs to one of several available earth-satellite, lunar, or
interplanetary coasting trajectory programs. The tie-in between the powered
flight program and the coasting programs is cowmpletely automatic.

At the present time, the powered flight program has only a 3 Q<?gr0(\ of
freedom capability; however, 6 degree of freedom capability is casily attained by

the inclusion of three moment equations,
Page 2
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2. Optimization of attitude during burning.  For payload maximization, an
’
available computing program, which computes in a non-rotating spherical Barvth-
coordinate system without atmosphere, determines, subject to various restric-
tions on end conditions, the optimium attitude during burning. Position is specified
by two coordinates: r, the g.eocentr‘jv radial distance, and 8, the downrange angle,
The integration of the equations of motion proceeds from the initial conditions LA
8., i‘(), and b”. During the integration, iterative procedures are used to find the
attitude which provides a maximization of burnout energy. Options exist for opti-
mizing the attitude subject to various end-condition restrictions, which include
specifying a burnout radial disfance, a burnout velocity pitch angle, and aspecific
\:alue of A8 during burning. These restrictions may be applied either singly or in
any combination; however, as the number of restrictions applicd increases, the
speed of computation decreases,

3. Azimuth rotation program. A program cxists which satisfies the fre-

quent need to 1-‘01':110 an existing trajectory to a different firing azimuth. The
existing trajectory is transformed point by point to a coordinate system which is
natural to the launch-pad location and firing azimuth; i.e., one axis of the coor-
dinate system lies along the firing azimuth., The effect of Earth rotation on both
position and velocity is removed at each point of the trajectory, which gives as an
Intermediate result, a non-rotating Earth trajectory. The reverse process is then
applicd to add-in initial inertial velocity on the new firing azimuth., An option is
available not only to rotate the firing azimuth, but to move the location of the
launch site as well. It is also possible to enter this rotation program at an inter-

mediate point with a non-rotating Earth trajectory in order to producce a rotating
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Faarth tragectory on any desired firing azimuth from any choscen launch location,

| This procsram is saitable for nse with 11‘;1_}(2(:101‘1(::% where the total downragre arce
Teneth i;:' no groeoter than about 1o deg.
. Conic Interplanetary Coasting Program

[ 1?;1.?{'}1»({(_! conie program,  An avuilabio interplanctary-coasting trajectory

prooram, which calealiates interplanetary trajectories by a patched-conic method,
;s threo dimensional and generates planetary positions from stored orbital
ciements,  As the computation is performed in o forward going (in time) conven -
tional mianner, it is porticularly adaptable to heing attached to the output of &

| ' powered {light-trajectory computing progran,

The computation begins with the specification of seven Barth-fixed input
parameters; injection time, three position coordinates, and three velocity com-
ponents . which are used to generate a geocceuntric hyperbola out 10 o geocentee
disiance of approvimately one million miles. At this point, the geocentric hyper-

‘ bolic trajectory is converted to a helioceniric ellipsce,

1 A homing procedure | which is an inteeral part of this propram, s

: .
suided by twentyv-one pariial derivatives of planet-miss -distance components with
respect 1o the seven mput parameters, The standard homing procedure atlow:s the
seven input paraniecters fo so be adjusted as to achieve a near-miss at the targen
plimer,  As the ngrtial derivatives or miss coefficients may be computed ot any
point ot the trajectory . the program is a useful tool for investisating mid-course

suidanee correctlions,
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‘ Basieally, this program is a conic simulation of the precisc integration

) procedures which are used to generate interplanetary trajectories. The program
accepts the same type of input information as the integration program and uses
the same type of homing procedures as are used with the integration program,
The patched conic program obviously does not have the accuracy of the integration
program, but its clear advantage in computing speed makes it useful for studying
and roughing-in trajectories.

2. Heliocentric transfer cllipse program. A second cxisting interplanetary-

coasting trajectory program takes a rather unconventional approach to the problem.

?
This program is three dimensional and uses a published plonetary ephemeris.

| | The program is set into operation bv the specification of target planct,
desired arrival date, and desired heliocentric transfer central angle as inputs,
and the ephemeris is consulte‘(@ for target-planet position and Earth position at the
arrival date. These positions are differenced to produce the commun:cations dis -
tance, which is an important trajectory design parameter, The heliocentric

central angle, combined with target-planet position at arrival time, locates the

pocition of Earth at injection,  The ephemeris is entered with this Earth position
in order to find the time at which larth is at this position; this determines a

heliocentric ellipse. The various parameters of this ellipse are determined,

particularly the required velocity at the heliocentric injection point.  The differ-
ence between this required velocity and the Farth velocity is the incremental vel-
ocity which is nceded at heliocentric injection. The three components of helio-
centric injection velocity and the heliocnetric injection time specify the coupling
conditions that must be met by the geocentric coasting trajectory and the powered

flight.
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Any trajectory in this program is o "hit" trajectory; i.e., the need for
homing procedurces is eliminated, which is a major advantage. It is another major
advantage that only four injection conditions need be matched by the geocentric

?
trajectory as opposecrd to the seven which must be matched in the forward-going
nterplanetary prograin,

An option exsts for automatically scanning the input-parameter helio-
~centric transfer central angle to find the transfer ellipse which requires minimuin
incremental energy for any given arrival date. This option allows tabies and piots
to be constructed which show all the significant trajectory parameters as a func-
tion of arrivau date (communication distance) for the minimum energy transfer
which aveives at that date.

This program hags been used to investigate heliocentric elliptical transfer
trajectories 1o Mars, Venus and Mercury for the period 1960 - 1965, The arrival-
tirmre spans following the Mars 1960 u;_)p();‘,itimx and the Venus 1961 conjunction have
‘been investigaied fullv, Tor cach arrival date, tvansfer trajectories have been
genernted at H-dey ntevvals of hetiocentric centra) angles throughout the entire
elliptical range.  [very sienificant trajectory pavameter 1s listed for each case.
This investigation has been extended to cover all the synodic periods of Mars,
Venus and Mercury dirving 1861 - 1965; however, thig extended survey examines
only the mianinwmn energy frajectory for cach arrvival date. Arrvival dates were
examined at one -day intervals starting at the date of inferior conjunction for the
interior planets and opoosition tor the exterior planets.  The arrival -date span

iIMvestiozanied v about O mionths for Mors and Venus and about 1 month for Mercury,

Page 6
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Gruphi<-:11'prosentutions of the minimum cnergy trajectories will be generally
available within a short time.

This prograin is to be part of a new automatic imer-p‘mnetary-truje(:tm'yv
design program which will tr"crat the powered flight portion of the flight, the geo-
centric coasting hyperbola, and the heliocentric coasting cllipse. The Mars and
Venus trajectories described previously have been stored on magnetic tape. From
this tape, a trajectory is selected by arrival date and heliocentric central angle
with the choice being guided by the aforementioned minimum-energy trajectory-
parameter plots, The tape lists the 4 heliocentric transfer-point matching param-
eters for each trajectory. Because the trajectory selection parameters have been
chosen at such close intervals, simple interpolation routines may be used to select
any trajectory. In effect, all reasonable helivcentric trajectories to Mars and
Venus during 1960 - 1965 have been precomputed, catalogued,and arc available in
a form which p.ermits their ready use. '

C. Methods of Integeation

For integraing the eguations of motion, the JPL. trajectory program uses
Sopgeocentrie, spacce-fised (1 e, spaov—oricn!:ﬂiOn fixcd) rectongular coordinate
system, referred to the inean equator and cquinox of 1950. 0. The gravitational
ceftects of the Moon, the Sun, and s roany planets os are appropriate are brought
in by using thev ephemerides referred to the mean equator and equinox of 1950, 0.
Two obliiteness= ternmes for the Barth are included in the cquations of motion, The
nurnerical intearation s aceomplished by ¢ combination of & Runge-Kutta method

(used ror stariine and changing interval size) and a Gauss -Jackson (scecond sum)

Page 7
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method of the open formuta type, with differences up to the seventh order retained

(correct through pto

. where his the integration step size).  The input is normally
in larth-fixed spherical coordinates (redial distance, latitude, Jongitude, velocity
magnitude, velocity azimuth, and velocity elevation angle), although space-fixed

|

\ rectangular coordinates can also be used., Outputs are available in the same two

|

‘ tvpes of coordinate systems. Predicted values of observables include corrections
for station anomalies, for atmosphere, and for time interval of transmission.

The Laboratory also has available the Themis program and a modified
S.TU L. program. The modified S, T, 1., program is divided into three phases,

cach using space-fixed equatorial rectangular coordinates. but with different

origins: geocentric, heliocentric, and planctocentric (Mars or Venus). Transfer

from one phase to another occurs at pre-assigned distances from the Farth and

from the target planet. During the geocentric phase, only the disturbing effecis

{ of the Sun, the Moon and the oblateness of the Karth are included.  During ihe
heliocentric phuse, the Farth-Moon system, dJupiter, Venus, and Mars are the
disturbing bodies. During the planctocentric phase, Jupiter and the Sun are the
disturbing bodies. I[n the geocentric phase, the ephemeris of the Sun is referred
to the mean equator and cquinox of 1959, 0, und the ephenieris of the Moon is

! referred to the equator and equinox of date.  In the other phases, all ephemerides

are referred to the equator and equinox of 1950, 0. In the geocentric phase, input

and output mayv be in space-tfixed spherical or rectangular coordinates, or in

Favth-fixed spherical coordinates,  In the other two phases, input and output are

in heliocentric rectancutar or planctocentric rectangular coordinates, referred

to the cquator and equinox of 1950.0, The numerical integration procedure usces

<
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Runce-hultifor statine and changing interval saze, and o Milne proedicior correcton
ditfercoce scheme, which g uselul in second-crder cquations net explicitty con-
taining the fivst derivative; the Milne scheme is correct through hﬁ.

?

The Thenus program is oo double precision prograrm in space-fixed
vectangajor coordinates, may be used in cither geocentric or heliocentrie form,
but there is no automatic transfer from one phase to the other,  When used in
Jeocentric form, only the Sun and the Moon are disturbing bodies. When used
heliocentric . the Farih-Moon system and adl other nlonets excont Mercury can be
used as perturbing bodies,  Inpul and output are resuricted to rectangular coordin-
ates.  The integration procodure is a Gauss-Jackson (scecond sum) method,
rotaining differences up to the tenth order, with a correction formula which may
be applied ns many as seven times,  Starting values are obtained in this cose by
generating an approx:mate solution initially from the osculating elements at epoch
and 1tevating on these with the correction formula to obtain accurate starting
values,

[For Juray satellites. there s bewng planned an additional sysiem of
cquations obtained by franslating the rectangular coordinafe svstem of 19450.0 to
the conter of the Moon and providing for o time-varying potentuial function for the
Moon, treated s o rotating ellipsoid.,  Transformations qorre 1o he providaed o

olirain scelenoeophic latitudes and longitudes relative to the mean central point of

the visible dise and the mean cquator of the Moon,

1), Astronomicagl Constants

The tobhle of constams presentod here s imtended primavily foc use in

AP frajeciory prosrans. The eotuon headed "Heconunended consiant, Tole oo

Poawe ©
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list of what are considered to he the hest available set of constants for use in the

trajectory program if they were to be regpecificed,

No recommendation is made

that all present values be changed to these values, because in all cases, the differ-

ences result in crrors which are sufficiently small for present JPL requirements

for pre-flight trajectories,.

In-flight analysis of tracking data for missions utiliz-

ing mid-course maneuvers will impose accuracy requirements so severe that

knowliedge of a progressively larger number of physical constants must be

improved. (Sce Table 1.)
Table 1. Astronomical Constants
Now Used in JPL,
Constant Trajectory Program Recommended Constants
. - N R - e e e
GMg 1.32534215 1020 W7 4y 3253 x 1020 m?
secl scc?
(Using R = 6378. 260 km
and
m_ = 8.7984")
o
Tn. 2 gaat 14 m?
GMp 3.9861353 x 10 n 3
sec2 | 3.986135 x 1ot M7
sec

mass Isarth
Sun

G Mmtx)n

mass noon

carth

O

“a,is the solar parallax. 7

3.007627 x 1070

4. 898477 1012_”f1

seCe

s J
0.0122887687 - .. .
8.

3.00772 x 1076

4.89820 x 10l2 }?SA
G

]

81.378

1AL

[{()

U, sin 1"

(4)
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Table 1 (Cont'd)

Now Used in JPL
Constant Trajectory Program | Recommended Constants Ref.
' 10 m? 14 m3
"GMMars 0.430207x 10 0.4272 x 10 m
SEC2 gecz
1
mass Mars | IS S (5)
Sun "w 3,078,818 | 3,102,000
GMyenys 0.324124 x 1015 m3_ | 0,3244 x 1015 m?3
sec? pec?
1
mass Ye€nus — _._..___1 (5)
Sun 409, 650 408, 600
- GMjypiter 1.26464 x 1017 m3 | 1. 265x 1017 m3
sec2 sec2
mass Jupiter S 1 ' (6)
Sun. 1047. 355 1047. 355
mass Earth ‘Moon 1 1
Sun 328, 452 328, 441
J : 1.63808 1073 1.6216 x 1073 (7
D 1.0547 109 0.6 x10°9 . (7)
| 11 11 '
1 A.U. 1.49503036332 x 10 1.4953x 10 "m
Using 75 = 8.7984" (2)
and Rg = 6378.26 km (1)
Rg (Earth's 6378. 206% 6378.260 km (1 and 4) )
Equatorial '
Radius)

*Used with station altitudes, not used in evaluating trajectory constants.
(Clarke's spheroid of 1866 is presently used by the United States Coast and
Geodetic Survey, Mexico and Canada. ‘Europe, in general, uses Bessel's -
spheroid of 1841. Therefore, the actual survey of the station will determine
which set of dimensions are to be used in the final transformation.) :

Page 11 ol
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Table | (Cont.'ed)

—— T T T P . - _.r“ LI . N Sl - e e LTI Tl
Now lUised in JPL
Constant Trajectory Program Recommended Constants Ref.
I meter LI International Agrecment -
(. 3048 all countries

Sidereal BEarth G, 417807162 x I(D‘i3 same

Rotation Rate deg/sec

(0.7292124 x 107 Y
rad/sec
To 8, 734" 3. 79340 (1)
¢ (speed of light) 200800 Ko 294,793, 0 Km (8)
SO0 sSee
£1.0
Moon Radius, 1738.0 km 1738.0 km (H)
Mean

(Radius directed 1.08 1.08 km (5)

toward earth) -

(Polar radius)

= a-c
(Radius directed 0.2 0.2 kin (5)

towards earth)-

(radius in

direction of

orhit) = a-b
IMoon 0.000338 0.000338 (5)
K Moon 0. 000035 0. 000035 (5)

Page |2
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E. Homing Programs

- All of the homing programs are based on the use of missile parameters
to satisfy the target conditions. Any useful combination of these parameters is
generally available as a search option. Further, all of the procedures depend
upon the solution of linearized equations in which the coefficients are developed
by singly varying the search parameters. In general, if impor';ant nonlinearities
are suspected, then the option is available to monitor the size of the increments
to the search parameters so that they do not exceed values for which the method
will converge. The further option of saving these coefficients for successive
iterations is also available.

The homing procedure with the integrating program is based on specifying
the target conditions in terms of two components of the impact parameter and
closest approach time which are computed from the osculating conic about the
target mass. One distance component lies in the equatorial plane and is perpen-
dicular to the incoming asymbtote to the local hyperbola, whereas, the other
component is resolved along the direction mutually perpendicular to the incoming
asymptote and the first component. The advantage of using this method of
specifying the miss is that these components are relatively linear with respect
to variations in the initial conditions.

A subroutine exists which computes the partial derivatives of the impact
parameters with respect to the velocity coordinat'es at prescribed points along the
trajecto‘ry. As the direction of the velocity perturbation is pertinent, these
partials are computed for each of seven directions, including that of each co-

ordinate axis, of the probe-earth line, and of the probe-sun line. The so-called

Page 14
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critical directions, in which the miss distance is most sensitive and least
sensitive to velocity changes are also determined. In addition, the program
computes the velocity increments required to correct the miss.

A homing procedure is available for connecting‘ the burning portion of the
trajectory to the interplanetary transfer ellipse program. This is accomplished
by matching the right ascension, declination, magnitude of the heliocentric
injection velocity vector, and the time at heliocentric injection to the geocentric
hyperbola gencrated by the burning program.

By adjusting the missiie parameter selected for variation, the properties
of the geocentric hyperbola are changed at the match-point. The matching can
also be accomplished by using missile parameters in combination with variations

in the heliocentric angle of the transfer ellipse.

F. Tracking

The reduction of tracking data is essentially the problem of filtering, by
statistical anulysis,- the random observational errors and the systematic bias
errors.

The basic procedure is as follows: A set of initial conditions is assumed
or obtained from iterating within the program and is used to start the integration
of the drag-free equations of motion, including the effects of the oblate earth, the
moon, and the sun. The computed trajectory variables are transformed into
station-referenced coordinates and corrected for refraction and station anomalies.
The difference between computed and observed values is used to determine those

corrections in initial conditions which result in the minimum sum of squares of

Page 15
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the differences between caleulations and observations.,  The corrections in mitinl
conditions are added to the previously employed initial conditions and this completes
one iteration.  Differential coefficients are computed by integrating a system of
cquations in which the partial derivatives ave the dependent variables.

Prior to full acceptance of a data point into the tracking program, the
diffecrence between the computed and observed values is compared with a standard
deviation, which is either an externally specified number or one computed within
the tracking p‘rogr:un from earlier observation points. Measured values which
differ {rom the computed values by more than three times the standard deviation
are rejected.

Individual data points are weighted inversely as the variance of the
deterioration in quality of the tracking data. The weighting used may depend on
whether an automatic tracking mode is used, on the signal strength, and on the
clevation angle.

The differences between computations and observations, properly
weighted, and the differential coefficients of the observations with respect Lo the
inttial conditions, are fed into a number of least-squares-fitting routines.  In the
primary method, each data type is weighted inversely as the previously computed
variances from the mean for that type and then is combined. Changes in the six
initial (‘on(.litiong and in constant biases in the five possible observation types can
be solved for. Thus, the maximum matrix size provided for is 11 x 11. The
matrix size test which can, on option, presently be used is based on the ratio of
the changes in initial conditions and biases called for and the computed standard

deviation in initial conditions. The new initial conditions and biascs obtained by
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addure e chonges solved Tor are used as inpat for subaequent trajectory
computations.  Standard deviations from the mean and standard deviations in

initial conditions are always displayed.  Standard deviations of predictions are

computed on option,

Lieast-squares voutines are applied to each separate data type in order
Lo obtain the changes in mitial conditions called for by the various types. The
initial conditions so solved for are used to obtain standard deviation from the mean
for the optimum fit to each data type separately, and are called "noise™ standard
deviations.  The separate changes in initial conditions obtained above are combined
by weighting the results from each type inversely as the variance of that data type
from the pointing trajectory.  Standard deviations of the initial conditions obtained

in this mannoer are also computed.

G.  Fphemeris

The JJPL program allows the possibility of introducing ephemerides for
the Moon, the Sun, and all planets other than the Earth. Currently, in addition to
the sun o and Moon, only Venus, Mars, and Jupiter arve being uscd.,  All five are
avimtable ot P -day intervals relative to the mean equator and equinox of 1950, 0.

‘Present sources for Mercury and Mars are British planetary tables.
which do not contgin as many signifteant tipnres as desived. Sources for the other
planets as well as for the Sun are the Themis tapes, which correspond to the best
avatlable mformation from the Naval Observatory. The Moon's tables are
relatively difficult to obtain in the 1950, 0 coordinate system, and those currvently
avatlable are not of the desired accuracy.  Lffort is being made to remedy the

deficiencies in the Mars and Moon data.
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‘ II. ACCURACY

Sources of inaccuracies must be examined and continually reviewed with

respect to changes in targets of interest and requirements for accuracy.

A. Equations of Motion

The equations of motion used can be considered to fall into itwo categories;
those for which analytical solutions exist and those which must be solved by numer-
ical integration. If a problem requires the consideration of more than the simple
two -body solution and must be solved by numerical integration, a large increase in
complexity and computing time is incurred, which is, to a certain extent, independ-
ent of the number of terms uéed to represent accelerations. In integrating
" programs, all sources of acceleration which could conceivably be of importance

are, therefore, in general included, and no significant errors are incurred

because of limitations in the equation integrated.
: Conic sections represent solutions to approximate equations of motion,
and their use must be commensurate with the expected inaccuracies. Estimates
of these inaccuracies can be made by comparing with appropriate numerical inte-
gration of more exact equations of motion.

Complete pad-to-target trajectories were generated using the general
purpose powered flight program coupled to the heliocentric transfer ellipse
program. These trajectories were subsequently computed using an all-integration
l method.  An adjustment of lift-off time of about one hour reduced the miss
distance from 5-million km to 500, 000 km, which shows the conic program to be

.o weak in keeping track of time.

- : Page 18
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\ B Nomerical Integration

N In order 1o derive error estimates for methods of numerical integration,
it is necessary that a "standard” or accurate refercence solution be available. This
standard solution may be either an <‘>l.\.~;vr'\'('<if solution, an analytical solution of the
some problem, or a numerical solution generated by 4 method of known accuracy.

4

Two of the trajectory computation programs were tested by using them to
integrate the cquations of motion with initial conditions specified by the position
and velocity of Mars.,  Using 16 points clustered around the entries for August 14,
1960, a tenih-ovder least-squares fit was made to cach of the Martian heliocentric
coordinates at that time to obtain an initial velocity . This set of initial conditions

j wis integrated using the Milne method and the Gauss-Jackson method of the Themis

b code. Both programs gave almost identical answers with the error growing in
amplitude with time and with a period of approximately one Martian year. It

‘ should be noted that within the first six months of elapsed time the maximum dif -

i ference between ephemeris listings and calculated values was 10,000 km. It
appears that the initial conditions derived in the manner described were saffi -

; ciently inaccurate to be the principal -sourcv of error and to mask all othev effects.
In order to use analytic solutions for standards of reference, and as ana-

ivtic solutions of the relevant n-body problems do not exist. it is necessary to

replace the classes of problems of interest by simpler problems which can be

“ solved analytically, with the intention of extrapolating from the error estimates

! obtained forthe snmple problems back to the cases of real interest. The extrap-
olated estimates are reasonable only it It may be assumed that the ceffect of small

. © “Planetary Co-ordinates fur the Years 1960-1980, H. M. Nautical Almanac
Office, Toondon, 1958,
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perturbing terms in the differential equations on the error in a numerical solution
i of the second order and, therefore, may be neglected. Recent investigations at
the Laboratory show that this assumption is, in fact, valid for the cases of int.or'e;qt_
Error cstimates were obtained by comparing the analytical and numerical solu-
tions of the simple two-body problems.

The three numerical methods used in the integration programs discussed
were tested for the two-body problem with values of V = 1 (circular orbit), 17/186,
9/8, 5/4, and 11/8, the last value corresponding to an elliptic orbit of eccentri-
city about 0.89. For each method, the integration step size was varied over a
sinall .r;mge from certain nomial values. The integration span was taken to be
0 <1 <100, corresponding to about 15 passes for the circular orbit and to about
half a period for V = 11/8.

Still another method for estimating errors may be used whenever it is
known that the error in the numerical solution may be made "arbitrarily" small
by choosing a sufficiently small step size; here a set of numerical solutions of the
same problem, but for different step sizes, is obtained and an extrapolation to
zero technique is used to obtain a "corrected" solution.

The Runge-Kutta and Milne methods were applied to calculating lunar
trajectories with oblateness, Moon's and Sun's perturbing forces included, and
extrapolation to zero used to estimate the errors at certain points along the tra-
‘iﬂ*(‘torv\‘/. These error estimates serve as reasonable estimates for the general
case of planetary probes.

The following general conclusions may be drawn:
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For planetary probes, any of the three methods may be used
to provide relative accuracies to orders as low as 10 7
Computing times for a given relative accuracy stand in the
ratios 1:8:12 for the Gauss-Jackson, Milne, and Runge-Kutta
methods, respectively. Errors build up rapidly, however,
if too large a step size is attempted. If only rough estimatces
to a trajectory are desired, it is better to use approximate
methods, such as approximation by segments of conics,
rather than numerical integration.

None of the methods are suitable for calculating the position

of an artificial satellite in its orbit over an appreciable

number of periods. Here general perturbation methods (such

as Hansen's method) are indicated.

On the other hand, exper‘imente‘ztmn indicates that, for satel-
lite orbits, both the Milne and the Gauss-Jackson methods
yield numerical solutions which describe the gcometry of
the orbit much more accurately than they describe the
dynamics; that is, the components x and y lic very close
to the orhit, but at the wrong time. Thus, it may be
feasible to use numerical integration to study purely goo-
metric properties of satellite orbits; investigation of this
phenomenon will continue.  The came statemnent is true

v

of the Runge-Kutta method, but to much less avearecane:
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4. In view of the tlexibility of the Runge~-kutla method wnd the
| fact that, for strict accuracy requirements, the other
methods lose some of vthcir time advantage over the Runge-
Kutta, use of this method is indicated for precise orbit
! calculations.

5. FError curves for lunar trajectory tests and for two-body
exhibit essentially similar properties, supporting the
argument that perturbing forces do not materially affect
the numerical error,

6. Error growth seems to be no worse than a linecar func-
tion of the number of steps taken, even in cases of high

‘ error. The best available analytically obtained upper
bound on error growth predicts variation proportional to

| the three-halves powcr of the number of steps.

C. Ephemeris

‘ A number of problems arise as a result of the fact that numerical
integrations are made relative to the mean equator and equinox of 1950. 0, whereas,
| initial Conditipns and most predicted values of observables arc earth-referenced
at a specific time. The choice of the coordinate system used for numerical
integration is dictated by the requirement that Newton's laws hold only in an iner-
tial frame, and transformation of the equation of motion to the earth-referenced
framework in which observations are actually made is virtually untenable, The

irregularity of the rotation of the Earth on its axis, as well as the irregularity
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ol the revolution of the Earth about the Sun, give rvise to difficulties in
transforming back and forth between the two reference systems,

Additional difficultics occur because of the lack of availability from the
Naval Observatory of rectangular coordinates of the Moon and of Mars in the
1950. 0 rectangular coordinate system. Mars tables are available, but not to as
many significant figures as desired. Tables of the Moon explicitly in the rectan-
cular framework are not available.

Still further difficulties exist in accounting for aberrational effects as
well as refraction and for various local station anomalies, in regard to making
predictions of the values of the observables.

‘ A number of uncertainties arise simply as a result of not knowing
physical constants to a high accuracy. For example, studies have shown that
errors of the order of one part in ]O4 and one part in 10” in the fundamental
astronomical unit give rise to errors of 105, 000 and 9, 900 km, respectively, in

‘ the miss distance for a Mars trajectory.
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IV. TRAJECTORY DESIGN PROCEDURE

Procedures for designing certain lunar and planetary trajectories have
been developed in which the previously described programs are used cither
directly or in order to generate requirements on the trajectory. A common
feature of these procedures is that they attempt to take into account all of the
pertinent characteristics of the mission and vehicle system. Therefore, they
are flexible and vary considerably in their detailed application. As essentially
new trajectory problems arise, modification and extension to existing programs
and the initiation of new programs are made. The result is an accurate quanti-
tative description of mission and vehicle system design alternatives in as far
as they are trajectory dependent and, finally, the development of a family of

standard trajectories.

! The procedure will be described by an example in which a specified three-

stage vehicle, with parking-orbit capability between the second and third stage,
is launched from the Atlantic Missile Range (AMR), The mission is a Mars
near-miss to be launched in the latter part of 1960. The communication distance
at target arrival is restricted, An initial trajectory carrying near-maximum

payload is desired.

A, Preliminary Powered Flight Shaping
The first consideration in the procedure is to determine the conditions
at the cnd of the booster phase of powered flight, This is done 1n close co-

operation with the vehicle designer in order to ensure that acrodynamic forces
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and the numerous dynamic restrictions of this phase are adequately taken into
account, ;I'llr‘(ree or four trajectories having different pitch-program parameters
and the same azimuth and launch site are generated, With these booster burnout
conditions, the azirnuth rotation and launch-site displacement program is used
fo generate booster burnout conditions of regular firing azimuth intervals for the
AMR launch site.

.

The next step is to determine a pitch program for the upper stages which
will give acceptable performance while minimizing vehicle complexity. Using
booster burnout conditions at a particular azimuth, the burning program is used
to place the third stage in a parking orbit at the end of second-stage burning. The
parking orBit is circular at a minimum altitude as analysis shows that this will
generally yield a maximum payload. The third stage is burned to a velocity
typical for a Mars mission. The thrust optimization program is now used to
evaluate the degradation in performance which results from usc of the assumecd
program. By repcating the Cjomparison with the performance of more complicafed
pitch programs, the trade-off between complexity and‘pcrformance is established
and a particular pitch program is decided upon,

Using the chosen pitch program, position, Earth-fixed velocity, time
from lift-off, and weight at sccond-stage burnout are established as a function
(?f azimuth for enirance into a circular parking orbit. These conditions are
stored for later use with the homing programs.

At this point, four missile parameters remain for use in the homing

programs; the lift-off time, the firing azimuth, the coast time between sccond-
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stage burnout and third-stage ignition (i, e., the time spent in the parking orbit),

and the burning time of the last stage,

B.. Preliminary Heliocentric Transfer Ellipse

The results of the heliocentric transfer ellipse program are now used,
The rest.r'iction on communication distance limits the class of trajectories that
may be considered by placing an upper limit on the arrival date. In the region
considered, the- magnitude of the heliocentric injection velocity is still de-
creasing with respect to increasing arrival time; therefore, for maximum
payload, a nominal latest possible arrival date is chosen.

No restrictions have been stated which would limit the heliocentiric
central angle, so that this parameter is now chosen to minimize the magnitude
of the heliocentric injection velocity.

With the arrival date and heliocentric central angle specified, the helio-
centric injection time and velocity are specified. By assuming the perigee
altitude of the geocentric hyperbola to be approximately the altitude of the
circular parking orbit, the launch day and an initial burning time for thc last
stage are determined.

The initial firing azimuth can now be chosen by setting the inclination
of the parking orbit equal to the declination of the heliocentric injection velocity
vector, It is clear that solutions will occur for inclinations greater than this,
but with maximum payload as the prime consideration the firing azimuth should

be as easterly as possible,
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i

The initial value lfor the coast time is now delermined by roniting the
Tasi stage at o Inditude which s the nesative of the declination of the heliocentric
velocity vector, This will give the declination of the asymptote to the geoceniric

hyperbola approximately the same value as that of the heliocentric injection

velocity vector,

C. Conic Section Homing

All of the initial conditions for entering the heliocentric transfer ellipse
homing program are now available, Since it is already elear where the firing
azimuth for maximum payload will_ occur, this missile parameter is not used in
the scarch. The option involving launch time, coast time between second and third
stage, burning time of the last stage, and the heliocentric central angle of the
transfer ellipse is uscd.

Upon converging, one additional casce is constructed with the initial

2,
heliocentric ansle decreased by 1 deg, This will make the launch day one

day later, The inclination required on the parking orbit is somewhat staller so
that the firing azimuth is now more ecasterly, although the heliocentric injection
velocity is hisher. Thus, the azimuth change tends to increase the payload,

whereas, the increased encergy in orbit tends to decrease it. By successive casces

of this type, the maximum payload conditions are ascertained.

D. TIntegrated Trajectory
?
The converged missile parameters giving the maximum payload condition

in the conic section homing program are now used as initial conditions for the

integraling programs.
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By previous experience, it is known that the major contribution to the
target miss distance will be in the lift-off time, t.herefufe, the initial search
option chosen will assign the right ascension component of the miss to lift-off
time. The correction on lift-off time will be made once, as this proves to be mosi
economical of search time in most cases.

The second step in the homing procedure involves searching on the three
barameters, lift-off time, coast time, and burning time of the last stage, to

achieve the final integrated hitting trajectory for a given communication distance.
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